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Abstract 

A presymplectic structure on an odd-dimensional manifold is given 
by a closed 2-form which is non-degenerate, i.e., of maximal rank. We 
investigate geometry of presymplectic manifolds. Some basic theorems 
analogous to those in symplectic and contact topology are given and 
applied to study constructions of presymplectic manifolds. In particu- 
lar, we describe how to glue presymplectic manifolds along isomorphic 
presymplectic submanifolds, including surgery on presymplectic circles. 
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1 Introduction 

Investigation of symplectic and contact structures is an important and devel- 
oping part of geometry of manifolds. In this paper we study presymplectic 
manifolds which mediate between those two types of structures. 

A presymplectic form is a closed differential 2-form of maximal rank 
on an odd-dimensional manifold. Thus if the manifold M is of dimension 
2n-|-l, a; is a presymplectic form on M, then the rank of the form is 2n. This 
means that at each point x £ M there exists a (non-unique!) codimension 
one subspace of T^M such the form is a symplectic linear form on it. This 
gives a linear symplectic, hence admitting a complex structure, subbundle 
and a unique subbundle TZ = {V G TxM\iv^ = 0} of dimension one, which 
we call Reeb bundle. Throughout the paper we assume that M is an oriented 
manifold. Then there is an orientation of TZ given by the orientation of M 
and the orientation of the symplectic subbundle provided hy u. In particular, 
TM has a reduction of the structure group to U{n) x 1. Furthermore, the 
Reeb bundle TZ defines a foliation of dimension one and, for any choice of 
non-zero section R oi TZ, a flow without fixed points. We shall call the 

*Both authors were partially supported by grant of the Ministry of Science and Higher 
Education of Poland, no. 1P03A 03330 



foliation the Reeb foliation of the presymplectic form uj, and any such R a 
Reeb vector field. 

There is a natural source of presymplectic structures. 

Lemma 1.1 Ifi : Q C M is a codimension one submanifold of a symplectic 
manifold (M, il), then i*^} is a presymplectic form on Q. 

As we noticed above, if an oriented manifold M admits a presymplectic 
form, then the tangent bundle of M has a reduction to U{n) x 1 c 0{2n + 
1) defined by Reeb subbundle and a choice of a complex structure in a 
complementary symplectic subbundle. As in the case of almost complex 
structures defined by a symplectic form, there is a large family of possible 
choices. Any such choice is provided by a bundle map J : TM TM 
such that J{TZ) = and = —Id on the subbundle Im J. One can see 
that existence of such a reduction is equivalent to existence of a 2-form of 
maximal rank (not necessarily closed) , cf . [BJ . This is analogous to existence 
of an almost complex structure for a symplectic form. 

However, existence of a 2-form of maximal rank is also sufficient for 
the existence of presymplectic form. It reduces the problem of existence to 
homotopy theoretical questions due to the following fundamental theorem. 

Theorem 1.2 If Snon-deg{M) is the space of all 2-forms of maximal rank 
on a closed manifold M^""*"^ and Spresymp{M; a) is the space of all presym- 
plectic forms in a given cohomology class a, then 



is a homotopy equivalence. 

Main technical novelty of the present note is that the assumption on the 
cohomology class can be removed and a relative case also holds, cf. Section 
[31 This is later applied to various constructions. 

The first proof that there is a bijective correspondence of connected 
components, with a relative version, was given by Dusa McDuff in [MDj. 

Theorem 1.3 Any 2-form a; of maximal rank can be deformed in the space 
of forms of maximal rank, to a presymplectic form uj' . If uj is presymplectic 
in a neighborhood of a compact set K, then there exists a deformation which 
is constant in a neighborhood of K. 

With some effort this can be extended to prove the homotopy equiva- 
lence. Later Eliashberg and Mishachev |EM) gave a proof based on Gromov's 
existence theorem of symplectic forms on open manifolds. The idea can be 
easily explained: uj gives a form uj + p A dt, p{R) = 1, of maximal rank on 
M X M (not closed in general), by Gromov's theorem it can be deformed to 
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a symplectic form. Its restriction to M x {0} yields a presymplectic form 
by Lemma ll.ll 

As an immediate corollary we get that any parallelizable manifold admits 
a presymplectic form, e.g. any oriented 3-manifold is presymplectic. 

The fact that it is relatively simple to construct a presymplectic forms 
can be useful for contact and symplectic topology. For example, one can ask 
the following. 

Question 1.4 Does any closed presymplectic manifold admit a contact form? 

A rather natural idea is to consider a presymplectic form of zero coho- 
mology class, u = da, and look for a deformation of a to a contact form. 
By |Gj, this can be done in dimension 5 for any closed simply connected 
presymplectic manifold. However, except for this result, the classical case 
of dimension 3 and a number of special cases, no answers to this question 
are known. In section [5] we show that vanishing of basic cohomology class 
with respect to its Reeb foliation is an obstruction for a presymplectic form 
to be of contact type (i.e. equal to differential of a contact form). 

Consider two other problems, which proved to be very difficult and both 
are open in dimensions greater than four. First, let M be an odd-dimensional 
closed manifold. 

Question 1.5 Is it true that if M x is symplectic, then M fibres over 

For M of dimension three this question was posed by Taubes and an- 
swered positively, after a series of partial results of many authors, by Friedl 
and Vidussi |FVj . Their proof uses Seiberg -Witten invariants and it does 
not extend to higher dimensions. 

A closed manifold X of dimension 2n we shall call homotopically symplec- 
tic if X is almost complex and there exists x € H^{X, M) such that ^ 0. 
These two conditions are the only known necessary conditions for existence 
of a symplectic structure for a general closed manifolds of dimension greater 
than four. 

Note that the term c-symplectic or cohomologically symplectic is used for 
manifolds which satisfy the cohomological part of the condition. 

Question 1.6 Does any closed, homotopically symplectic manifold admit a 
symplectic form? 

Questions reftaubes,esymp cannot simultaneously have positive answers. 
Namely, there are presymplectic manifolds which do not fibre over the circle, 
but their products with the circle satisfy assumption of ll.6[ e.g. connected 
sum of two copies of tori j'2fc+i^j'2fc+i_ 
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The principal aim of the present paper is to give some basic theorems on 
presymplectic manifolds and to provide means to constructions of presym- 
plectic manifolds. It includes Moser type theorems, tubular neighborhoods 
of presymplectic submanifolds and constructions of presymplectic manifolds. 
For symplectic and contact manifolds such theorems open a way to analyze 
their topology. In the presymplectic case the Reeb foliation plays an impor- 
tant role. For example, on a closed symplectic manifold we have Moser's 
theorem saying that a path uJt of symplectic forms with constant cohomol- 
ogy class is given by an isotopy, i.e., there exists an isotopy ft such that 
ut = /*a;o, can not be extended to presymplectic manifolds without an 
additional assumption on the Reeb foliation. This assumption is, roughly 
speaking, that the basic cohomology class of the presymplectic form is con- 
stant. A similar problems appear if one analyzes behavior of a presymplectic 
form in a neighborhood of a presymplectic submanifold. For tubular neigh- 
borhoods there is no isotopy of different tubular neighborhoods of a given 
submanifolds, which allows various constructions in symplectic and contact 
topology. Here we have only a weaker statement of a presymplectic isomor- 
phisms of such neighborhoods. 

Despite of the fact that existence of presymplectic form boils down to 
homotopy theoretical, hence "soft" question, some effective construction 
methods can be useful. We describe first a Thurston type construction 
of presymplectic forms on bundles in Section [71 

Another construction which may have interesting application gives a 
presymplectic structure on any presymplectic open book decomposition. 
This technique is well known in contact theory. By results of Giroux and 
Mohsen [GMj . any closed contact manifold admits a compatible open book 
decomposition and in dimension three this was successfully used to some 
classification problems. For presymplectic manifolds the construction of 
open book, based on Donaldson method of quasi-holomorphic sections, can 
be repeated, cf. |MMP] . We work in reverse direction, namely for a given 
open book decomposition we give sufficient condition to construct a presym- 
plectic form with Reeb bundle transversal to pages. 

In fact, we do this in more general case of star-like structures. This is a 
straightforward generalization of the notion of open book decomposition to 
the case when the complement of a submanifold of codimension 2k admits 
a symplectic fibration over S'^^~^. 

Finally, we describe how to glue two presymplectic manifolds along tubu- 
lar neighborhoods of isomorphic presymplectic submanifolds. A particular 
case of 1-dimensional submanifold, hence a closed leaf of the Reeb foliation, 
is in fact the classical surgery on a circle. We show that in dimension greater 
than 3 any presymplectic form is homotopic to one with a closed orbit in 
each element of a generating set of the fundamental group, thus one can 
always kill fundamental group using such modifications. 

In our terminology we follow McDuff ^MDj. The term presymplectic is 
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used in a wider sense in papers on quantization, e.g. [CKTl IKT] . where a 
manifold is called presymplectic if it is endowed with a closed, not necessarily 
non-degenerate, 2-form. What we call presymplectic form was called odd- 
symplectic form in [GiJ or simply closed form of maximal rank in |EMj . In 
hamiltonian mechanics context an exact presymplectic form is called hamil- 
tonian. 

In the sequel we will consider only closed smooth manifolds and smooth 
mappings. 

2 Homotopically presymplectic forms 

Let M be a closed manifold of dimension 2n + 1. We say that M is homotopi- 
cally presymplectic if the tangent bundle TM of M admits a reduction to 
U{n) ~ U{n) X 1 c SO{2n + l). The name almost contact manifold has also 
been used for such structure (see |G1[ IMMPj ) . Our terminology attempts 
to unify presymplectic and symplectic cases. If M is closed, then we call 
it strongly homotopically presymplectic if it is homotopically presymplectic 
and there exists a class x G H'^{M) such that x" is non-zero. 

Proposition 2.1 M x 5*^ is homotopically symplectic if and only if M is 
strongly homotopically presymplectic. 

Proof. Assume that MxS^ is homotopically symplectic. If n € H^{Mx 
S^) satisfies u"'~^^ ^ 0, then its restriction to H'^{M x *) satisfies, by the 
Kiinneth formula, x*^ 7^ 0. Moreover, any codimension one subbundle of a 
complex bundle has a reduction to U{n), thus M is strongly homotopically 
presymplectic. 

If X G H'^{M) satisfies x"" 7^ 0, then there exists a class /3 G H^{M) 
such that x"' U /? is non-zero, hence (x + /3 U [dt])"'^"'^ 7^ 0. Furthermore, if 
TM admits a reduction to U{n), then we can easily get an almost complex 
structure J associated with decomposition TM = ^ © e"*^ by setting 



where X is a non-zero vector field on M corresponding to the trivial sub- 



Consider an odd-dimensional manifold M which is strongly homotopi- 
cally presymplectic, but do not fibers over the circle, e.g. T^^-ijtT^"-!. Then 
M X 5^ is strongly homotopically symplectic. If such manifold is symplectic, 
then it is a counter-example to Question 11.51 

Any symplectic form on M x 5^ gives a loop of presymplectic forms. By 
Lemma 11.11 there is a continuous mapping from the space of all symplectic 
forms on M x S*^ into the space of (free) loops of presymplectic forms on M. 




bundle e and J is a complex structure on ^. 



□ 
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Question 11.51 leads to the following: does this mapping induce a surjective 
map on ttq? Equivalently, one can ask if any loop of presymplectic forms 
can be deformed to a loop obtained from a symplectic form on M x 5^? We 
show a counter-example on the 3-torus. In particular, the loop we give is 
non-contractible. 

It is not difficult to construct a loop of non-degenerate 2-forms on 
such that the associated almost complex structure J on has non- vanishing 
first Chern class. It is obtained from a non-degenerate 2-form on with 
non-trivial ci by restriction. By Theorem ll.3l we deform this loop to a loop 
of presymplectic forms. This loop is not obtained from a symplectic form, 
since for any almost complex structure J tamed by a symplectic structure 
on we have ci(J) = 0, as proved by Donaldson. 

3 Homotopy of presymplectic forms 

In the proof of Theorem 11.21 due to Mishachev and Eliashberg, the first step 
is to pass from a form to of maximal rank on M^""*"^ to a form of maximal 
rank on M x M. This is very simple. If i? is a Reeb vector field of u, then 
there exists a 1-form rj such that rj{R) = 1. Let p : M x M — > M be the 
projection and 9 be the standard parameter of M, so that d9 is the standard 
(translation invariant) 1-form on M. Then p*u} + d6 Arj is a form of maximal 
rank (non-degenerate) extending a; to M x R. However, it can be non-closed 
even if u is. The following observation yields a useful improvement. 

Lemma 3.1 Let C € M. For 6 small enough the form (p = p*u) + 6{d9 A 
rj — 9 drj) on M x [— C, C] is non- degenerate. If oo is closed in an open set 
U C M, then (f) is symplectic in U x [—C, C] and (f)\M x {0} = uj. 

□ 

Now, after applying the relative version of Gromov's theorem, one comes 
to a relative version of Theorem 11.21 

Theorem 3.2 Let Snon-degiM, K; ao) be the space of all 2-forms of maxi- 
mal rank on a closed manifold M^""*"^ which restricts, in a neighborhood of a 
compact subset K C M, to a presymplectic form in the cohomology class oq. 
Let furthermore SpresympiM, K; a) be the space of all presymplectic forms 
in a given cohomology class a which is equal to oq under restriction to a 
neighborhood of K. Then 

^ Snon-deg{M, K; Oq) 

is a homotopy equivalence. 

□ 
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Corollary 3.3 If "qt, t G [0, 1] is a path of non- degenerate forms on M 
connecting some presymplectic forms r]o,r]i, such that [r/o] = and r]t is 
presymplectic in a neighborhood of K, then rjt can he deformed to a path fit 
of presymplectic forms which satisfies: 

1- m = m = m, 

2. fjt is equal to r]t in a neighborhood of K for any t E [0, 1]. 

In particular, we see that if M'^^'^^ is presymplectic, then for any two 
cohomologous presymplectic forms oji,LjJ2 which can be connected by a path 
of non-degenerate forms uJt, there is a path of presymplectic forms joining 
ui and W2, and can be prescribed in a neighborhood of K. 

We will show now that the assumption that the forms are cohomologous 
can be removed. We give a relative version as well. 

Theorem 3.4 Assume that lo,lo' are two presymplectic forms on a closed 
manifold M'^"''^^ and that they are joined by a path {ijJt}te[0;i] of non-de- 
generate 2-forms. Then uj^uj' are homotopic through presymplectic forms. 
Furthermore, the following relative version of this theorem also holds: if i : 
K C M is a compact subset, {oJt} is presymplectic in an open neighborhood 
of K, [i*ujt] is constant, then there exists a presymplectic homotopy equal 
to OJt in a neighborhood of K, up to a presymplectic deformation with fixed 
ends. 

Proof. Let us define a set Auj,k as the set of elements u G H'^{M;W) 
which satisfy the following condition: 

(*) if [uj'] = u and there is a path of non-degenerate forms joining 
u! and uj' , satisfying assumptions of the relative part of Theorem 13.41 rel 
K, then there is a path of presymplectic forms joining uj and uj' equal to the 
given path in a neighborhood of K. 

We will show first that if the condition (*) is satisfied by a form, then it 
is satisfied by all other forms in the same cohomology class. In fact, assume 
that we have two presymplectic forms u:i,uj2 such that u = [coi] = [002] 
and there are two paths of non-degenerate forms ujt^^t joining uj with, 
respectively, uji,uj2. By Corollarv 13.31 the path uj^t^^t can be homotoped 
(rel a neighborhood Uk of K) to a path of presymplectic forms in the class u 
joining uji and u}2. By assumptions, there is a (rel Uk) path of presymplectic 
forms joining u and wi. This path in a neighborhood of K is equal to uj^ -k 
uj^t ) which is deformable to . 

Our assumption that the class of i*uJt is constant implies that A^^x C 
[uj] j*H^{M,K,R), where j : {M,(ti) ^ {M,K) is the inclusion. 

We are going to prove that A^^^x is both open and closed, thus equal to 
[uj] + j* H'^{M,K,W). If u G ^u},k and [uji] is close enough to it, then there 
exists a presymplectic a;2 G u such that uji = uj2 + rj, where r/ is small (say, in 
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a norm defined by a Riemannian metric) and vanishes near K. Then uj2 + tr] 
is a presymplectic path connecting 0J2 with wi, constant in a neighborhood 
of K. This path can be used to pass from a path connecting a; with uji to a 
path connecting u with ^2 and backwards. Thus if u' is close enough to an 
element of h.u),K-, then it also belongs to h.^^K- 

Essentially the same argument sliows tlia-t K is closed, since if we 
have an element a;2 G ^^ui^k close enough to wi, then again we can use the 
linear segment to draw the required path from (jj2 to wi. □ 

Theorem 13.41 has the following corollary. 

Corollary 3.5 Let {M,uj) be a presymplectic manifold. Then in every class 
a G i/^(M, R) there is a presymplectic form homotopic to u through presym- 
plectic forms. 

More difficult questions of that type are those with Reeb foliation in- 
volved. For example, one might ask whether for every non-zero vector field 
X on M2"-i there is a presymplectic form for which X is the Reeb field. 
The answer is negative even in dimension three and the following yields a 
counter-example on T^. 

On = T'^ X consider coordinates {x,y,t), t G [0,2]. Take X = 
X [0, 1] C T'^ X = with a coordinate system {{x,y),t) and define a 
vector field R on by the formula R = cos(7rf)^ + sin(7rt)^. Note that R 
points inwards along both boundary tori Tq = T'^ x {0} and Ti = x {1} 
of X. Assume that i? is a Reeb field of a presymplectic form u . Counting 
orientations of Tq,Ti given by uj and R, we come to contradiction with 
equality fj,^ to = 

4 Moser type theorems and contact structures 

Among classical results of symplectic topology a special role plays the the- 
orem of Moser. It says that a path {iOt}t^[o-i] of cohomologous symplectic 
forms on a closed manifold is an isotopy, i.e. there exists an isotopy (pt 
starting from 0o = id such that LOt = 4>t^o- Let us denote an obvious ob- 
struction to the isotopy in presymplectic case: the Reeb foliations should 
be conjugated by diffeomorphisms (see example after Theorem 14.11 below). 
The crux of the proof is that when we write the equation 

at + i{Xt)u;t = 0, (4.1) 

where 

^uJt = dot (4.2) 
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and Xt generates the isotopy {</'t}i(=[o;i] we are looking for, then the equation 
has always a solution. This is due to non-degeneration of ut. This obviously 
does not extend to the case of presymplectic forms. However, it does extend 
if we know that presymplectic form at in 14.21 satisfies at{Rt) = 0. This leads 
to the notion of basic cohomology (see for example [Mo]). 

For any foliation 5^ consider the space T'^ of vectors tangent to the foli- 
ation and define the space of basic n-forms as 

Q]^ = {a£ I eT^ ixa = txda = 0}. 

The usual exterior derivative d defines a mapping : Q"^ — )• f^^^^- 
Homology groups of the resulting chain complex are called basic cohomology 
groups of ^ and denoted H^(M; ^) (we suppress ^ from the notation if it is 
clear what foliation is considered). Now, with a stronger assumption that 
the basic cohomology class is constant, we can repeat Moser's argument to 
get the following. 

Theorem 4.1 Assume that {<^t}tg[o,i] is a path of presymplectic forms in a 
fixed cohomology class on M. If the Reeb foliation is independent of t and 
the basic cohomology class [u)t]b G H'^{M) with respect to the Reeb foliation 
is constant, then {ujt} is an isotopy. 

□ 

The assumption on basic cohomology class cannot be relaxed, since the 
foliation can vary along with the parameter. For example, on define 
uj = dx A dy, a = sin{y)dz. Then for t small enough ujt = UJ + tda is 
presymplectic. But for many values of t the Reeb foliation of uJt is irrational 
(orbits are dense), whereas for wq it is rational (all orbits are closed circles). 

However, it is rather easy to strengthen slightly the last theorem as fol- 
lows. If two foliations are conjugated by a diffeomorphism, then we can 
identify basic cohomology groups and using this identification we can com- 
pare basic cohomology classes. 

Theorem 4.2 If ijOt is a path of presymplectic forms on M, (pt is an isotopy 
such that 5t is conjugated to 4't <ind the basic cohomology class ofujt is 

constant (when we identify II^{M,^t) with H'^{M,^q) using cpt), then {cot} 
is an isotopy. 

□ 

5 Presymplectic forms of contact type 

A challenging problem concerning contact forms is to give necessary and suf- 
ficient condition to assure that a non-degenerate 2-form on a closed manifold 
can be deformed to a form of contact type. Recall that we call a 2-form u a 
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form of contact type if a; = dX, where A contact. In particular, any results 
solve the question of existence of contact structures. The problem was ad- 
dressed by Eliashberg in dimension 3, and for simply connected 5-manifolds 
by Geiges |G2j . They both proved that there are no obstructions. 

Such problems seem to be very difficult in general. We give here a 
necessary condition for presymplectic form to be of contact type. 

Theorem 5.1 Assume that X is a contact form on a closed manifold M 
and yi its Reeb foliation. Then [dX] is non-zero in H^{M,9\). 

Proof. Let R denote the Reeb vector field of A, so that X{R) = 1. 
If [dX]iy = 0, then there exists a such that a{R) = and da = dX. Thus 
00 = a — A is closed and equal to 1 on R. It yields existence of a closed form 
(p which is C^-close to cpo and such that ker0 is integrable with compact 
leaves, cf. [Tij. Since dX restricts to a symplectic form on any leaf, its 
cohomology class would be non-zero, which is of course false. □ 

One can notice that for open manifolds such existence questions as above 
are solved positively by Gromov's h-principle (see |EMj). In particular, one 
can always deform a presymplectic form to a form which is contact outside 
any given non-empty open set. 

6 Some examples 

Let a; be a presymplectic form, uj = da, and i? be a positively oriented Reeb 
vector field for oj. Define fa = a{R). Any other choice of R corresponds to 
multiplication of fa by a positive function. Then we have the following. 

1. a is contact if and only if /q, > for any choice of R (and then we can 
choose R such that fa is constant and positive); 

2. a is i2— invariant if and only if fa is constant. 
Example 6.1 T'^ -bundle over the circle. 

Consider the following example constructed by Carriere in [YCj . The man- 
ifold he considers is the T'^— bundle over the circle whose monodromy is 
given by matrix A G SL{2, Z) such that trA > 2, 

= X M/(x, t) ~ {Ax, t + 1). 

Then both eigenvalues A, ^, A>l>-^ofj4 are real and irrational. The 
eigenvectors define two vector fields fii, /U2 on T^. Using them we can define 
two 1-forms vi,V2 on by the formulas vi{fii) = 1, vi{^2) = and 
'>J2{lJ'i) = 0, V2{fL2) = 1- This definition extends to x M by setting 

ai = X^vi 
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and then gives two well defined forms ai,a2 on T^. By direct calculation, 
dai = ln{X)dt A ai and da2 = — ln{X)dt A 02- Thus dai is a presymplec- 
tic form on with associated Reeb field i? = /i2- In this case, /q, = 0. 
Furthermore, 

(pe = ai + ea2 
is a contact form for e small enough since 

(j)^ A dcj}^ = 2e ln(A)aiQ!2(it > 0. 

This contact form is C^-close to the presymplectic form ai. 

Carriere proved that the second basic cohomology group of the Reeb 
bundle of dai vanishes, so by Theorem 5.1 there is no contact form with 
the Reeb field equal to ^12- This follows also from Taubes theorem about 
existence of closed orbits of a contact Reeb field (the Weinstein conjecture). 

Example 6.2 S"^ x 

By Eliashberg's beautiful result x has a contact form. Namely, 

if a compact almost complex manifold with boundary of even dimension 
2n, n > 2, has a Morse function (constant and maximal on the boundary) 
without critical points of index greater than n, then the boundary is contact. 
The fact that M is presymplectic is much simpler, since this is enough to 
notice that M is parallelizable. 

We shall build directly a presymplectic form lo = da on M = S'^ x 
such that the function has both positive and negative values, hence uj 
cannot be C^-approximated by a contact form. Let xi,...,xq be standard 
coordinates in M^. Consider S"^ as the hypersurface (2:2 — 2)^ + ... + Xg = 1 
in = {xi = 0} and rotate it around {xi = X2 = 0}. 

If we set a = ^{xidx2 — X2dxi + x^dx^ — x^dx^ + x^dxQ — xgdx^), then 
u = da = dxidx2 + dx^dx^ + dx^dxQ is the standard symplectic form on 
M^. Since io restricted to any 5-dimensional subspace of is presymplectic, 
hence da = uj restricts to a presymplectic form on M. If X is orthogonal to 
M, then JgtX, where Jgt is the standard almost complex structure on M^, is 
a Reeb field R of uj\M. Having established that, it is easy to calculate that 
fa takes both positive and negative values. 

7 Thurston's construction 

Let p : M — 7- -B be a fibration with base B and a symplectic fibre {F, ujq). We 
say that the fibration is symplectic if its structure group is Symp{F, cjq), and 
compact symplectic if it is symplectic and both B and F are compact. For a 
discussion of symplectic fibrations see |MSj . Ch.6. On each fibre = p~^{b) 
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of a symplectic fibration there is a well defined symplectic form uJb given by 
uq and local trivializations. Denote hy if, : Ff, C M the inclusion of the 
fibre. The following theorem is given by Thurston's construction, originally 
applied to symplectic fibrations over a symplectic base to get symplectic 
structures on total spaces [Th] . 

Theorem 7.1 Let p : M ^ B be a compact symplectic fibration with fibre 
{F,u}q) and a presymplectic base {B,u}b)- For any class u G if^(Af, M) such 
that ilu = [iOb] there exists K > and a presymplectic form oo on M such 
that iluj = ojb o,nd [m] = u + Kp*[u)b]- 

Proof. Let {Ua,fa '■ P~^Ua Ua X F} be charts of an atlas of local 
trivializations and Xa a smooth partition of unity subordinated to {Ua}- On 
each set p~^Ua we have a form Wq, which is pull-back of w by projection to 
the fibre F. If r represents u, then — r = d(j)a for some 1-forms (j)a- The 
formula ti = r + d^{xa °p)4'a defines a closed form on M which restricts 
to Wf, on a fibre F^ and represents u. Then for K large enough, ri + Kp*ojB 
is a presymplectic form on M representing u + Kp*uoB- Compare [Thl IMS) . 
□ 

We will prove a relative version of Thurston's construction. Assume 
additionally that jo • -^o C .F is a smooth compact codimension zero sub- 
manifold of F such that A^o is preserved pointwise by the structure group 
of the given fibration. In other words, the structure group is the group 
Symp{F, Nq,ujq) of symplectomorphisms which are equal to the identity on 
Nq. Then Nq defines submanifold in each Fb and a submanifold N C M 
such that N n Fb = Nb, N = Nq x B. Via pull-back of cjq under projection 
on F one has on A a form (j^r equal to ujq on fibers and zero in i?-direction. 

Theorem 7.2 Let Nq C F be a compact codimension zero submanifold and 
let p : M B be a compact symplectic fibration with fibre (F, ojq) and 
structure group Symp(F, Nq,ujq). 

For any presymplectic form ujb on B and any class u G H^{M,R) sat- 
isfying 

1. ilu = [oJb], 

2. u\N = [u)n] 

there exist a constant K > and a presymplectic form t on M such that 
[t] = u + Kp*[iLiB] and T = + Kp*u)B on N. 

Proof. By assumption [2l there exist a form r representing u such that 
on N we have u = uj^. Let (pa^ ti be forms defined in the proof of Theorem 
17.11 Then d4)a = on A. Thus the form rj = d^^ixa ° p)4'a on A is 
horizontal, since both r] and drj{= 0) vanish on vertical vectors. Thus it is 
equal to p*r]' for a closed form rj' on B. Then ti — p*ri + Kp*UB has the 
required properties. □ 
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8 Submanifolds 



Let (M^""*"^, w) be a presymplectic manifold and let Q'^^'^^ be a smooth 
closed submanifold. One is tempted to define a presymplectic submanifold 
as those Q that the restriction of uj is presymplectic. However, the preceding 
discussion shows that the Reeb foliation plays an important role, thus it is 
better to impose a condition to have it under control. 

Definition 8.1 Let {M,uj) be a presymplectic manifold. A submanifold i : 
Q ^ M is a presymplectic submanifold if ujq = i*uj is presymplectic and 
the Reeb bundle of ujq is equal to the restriction of the Reeb bundle of oj to 
Q (equivalently, the Reeb bundle of oj is tangent to Q). 

Example 8.2 // a presymplectic form is invariant under an action of S^, 
then any component of the fixed point set is a presymplectic submanifold. 

For a symplectic submanifold Q of a symplectic manifold M and in 
many other cases, the structure of a tubular neighborhood is determined 
up to isotopy by Q and the symplectic normal bundle. This is not the 
case for presymplectic forms, since the Reeb field might not be invariant 
under contractions of the neighborhood to Q. For contact submanifolds it 
is possible to obtain such invariance when we allow the contact form to be 
multiplied by a function. Note that this operation changes, in general, the 
Reeb bundle. 

Let (M, to) be a presymplectic manifold and TZ be the Reeb bundle. Then 
the associated reduction of TM to a complex bundle is given by a choice of 
a bundle endomorphism J : TM — )• TM such that: 

1. ker J = TZ; 

2. J2 = -Id on Im J; 

3. uj{JU, JV) = oj{U, V) for all U € ImJ and arbitrary V; 

4. uj{U, JU) > for all non-zero U E ImJ. 

Denote S = Im J. We have TM = S®TZ and the formula g{U, U') = 
u}(U, JU') defines a Riemannian metric on S. When a Reeb vector field R is 
chosen, then we get a Riemannian metric on M defined on TZ by g{R, R) = 1. 
Note that [3] implies that S-LTZ. The choice of J consists in a choice of a linear 
complement 5 of 7^ and a choice of complex structure on it compatible with 
u! (note that a; is a linear symplectic form on S). This gives J with required 
properties if we extend by zero on TZ. For the resulting Riemannian metric 
we have g{JU, JV) = g{U, V) for all [/ € 5 and every V. 

If Q is a presymplectic submanifold of (M, w), then we can assume that 
J preserves TQ. Consider a linear complement M of TQ in TM such that 
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J\f C {U e TM\Q -.yVeTQ uj{U,V) = 0}. Since lo is non-degenerate 
on A^, we can choose J in compatible with u. Then, with respect to 
the Riemannian metric g (on the whole M) constructed as above, M is 
an orthogonal complement to TQ and g defines a horizontal distribution 
H C T{Af). We get now a presymplectic form on the total space of J\f, linear 
in every fibre, by the formula 

(^{Vi + Hi, V2 + H2) = ujp(w){P*Hi,p*H2) + Wp(vK)(^i> ^2), 

where W & M, Vi, V2 are vertical, Hi,H2 horizontal vectors in Tw{J^) and 
p : Af ^ Q is the bundle projection of TM restricted to M. 

In this way we get complex structures on the normal bundle uQ = 
{TM\Q)/TQ and compatible with the presymplectic forms on the total 
space of uQ via isomorphisms Af C TM\Q — > i/Q. Any two such complex 
structures obtained in this way are isomorphic. 

Consider now the exponential map exp : vQ M given by the metric 
g. It is a diffeomorphism near Q, thus lo-^ defines a non-degenerate form lin- 
earized in the normal direction which we also denote u/^, in a neighborhood 
of Q. The form restricted to TM\Q is equal to uj, thus these forms in a small 
neighborhood of Q are close enough to have a linear segment contained in 
the space of non-degenerate forms which connects them. Hence, for some 
open tubular neighborhoods Q dU (lU\ such that Ui — U = dU x [0, 1], 
there is a smooth non-degenerate form oj' such that: 

1. uj' = uj on M - Ui] 

2. u' = oj^ on U- 

3. u'\Ui — U\sa, smooth linear combination \{t)uj\dU 1 + {1 — X(t))uj^ \dU , 
where t G [0, 1] and A is an appropriate smooth function changing from 
to 1. 

With our choices, tu + {\ — t)u)' is a path of non-degenerate forms. It 
connects u with lo' and is equal to oj outside Ui. 

Let us assume that we have two presymplectic forms ujo,uji which co- 
incide on Q and define isomorphic structures on the normal bundle vQ. 
Then for any choice of normal subbundles A/'o,A/i and horizontal distribu- 
tions V.Qj'Hi there is a path {Mt,7it, Jt)', t G [0,1] connecting {J\fo,7io, Jo) 
with (A/i, 'Hi, Jo). Thus the forms uJq,uj'i are homotopic through a path uj'^ 
of non-degenerate forms. 

This in turn gives a path of non-degenerate forms connecting ojq with a 
presymplectic form equal to loq outside Ui and to uji in a neighborhood of 
Q. It is defined as follows. Take tubular neighborhoods Q C U' C U2 C U 
such that U2 — U' is a product by an interval. Construct, using cjj, a path 
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of non-degenerate forms equal to ujq outside Ui, with the end form rj[ equal 
to ui'i in U'. Next deform r][ to a form r]i equal to oJi in U' , with the help of 
the path connecting uj[ with ui. Finally, there is a presymplectic homotopy 
connecting loq with a presymplectic form equal to ujq on M — U[ and to wi on 
U", where U[, U" are tubular neighborhoods of Q such that U" C U' , Ui C 
U[. This can be done in two steps. First deform r/i to a presymplectic form 
with the required properties by Theorem \1.'6\ then from obtained path of 
non-degenerate forms pass to a presymplectic homotopy using Theorem [331 
relative to K = M - U[. 

This proves the following tubular neighborhood theorem. 

Theorem 8.3 Assume that ujo,uji are presymplectic forms such that Q is a 
presymplectic submanifold with respect to both of them. If the presymplectic 
forms coincide on Q and the complex normal vector bundles to Q induced by 
ui and UJ2 are isomorphic, then there exist tubular neighborhoods Uq, Ui of 
Q, Uq C Ui, and a presymplectic homotopy connecting ujq to a presymplectic 
form equal to ujq on M — Ui and to oji on Uq. 

□ 

9 Starlike structures 

An open book decomposition of M is defined by a quadruple {-B, P, vr, (/>} 
where B \s & codimension 2 submanifold of M, vr : M — P — )■ 5^ is a smooth 
fibration with fibre Int P and (p is the gluing diffeomorphism of the fibration. 
It is assumed that dP = B and (j) is equal to the identity on U — B, where 
[/ is a neighborhood of dP, so that the normal bundle of B is trivial. If U is 
a collar, then a neighborhood of B is diffeomorphic to B x D^. P is called 
page of the decomposition and B it's binding. 

Consider an open book decomposition of M satisfying the following ad- 
ditional assumptions. 

1. P is endowed with a symplectic form ojq, 

2. (p preserves ujq. 

Then the fibration M—B — t- is symplectic and one can apply Thurston 
type construction described in Theorem 17.21 to prove the following. 

Theorem 9.1 Consider a closed smooth manifold M^"+-^ and an open book 
decomposition of AI with symplectic page (P, wq) and the gluing diffeomor- 
phism (j) G Symp{P,U,uJo). For any cohomology class u G ff^(M, M) such 
that i^u = [ujt] there exists a presymplectic form u on M such that: 

1. [u] = u; 
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2. outside of a neighborhood of the binding B the Reeb vector field is 
transversal to pages; 

3. the binding B is a presymplectic submanifold of M. 

We shall prove this for a more general structure of starlike decomposition 
of M. By that we mean a quadruple {C, S*, vr, 0}, where C is a codimension 
2k submanifold of M, tt : M — C — >■ S'^^~^ is a smooth fibration with fibre 
Int S and the gluing map (f> : S'^^~'^ Dif f{S,U) of the fibration takes 
values in the group of diffeomorphisms equal to the identity on an open 
neighborhood U of dS. It is assumed also that dS = C and thus the normal 
bundle of C is trivial. We will call S spine of the decomposition and C it's 
core. 

Assume now that S is endowed with a symplectic form loq and the gluing 
map has values in the symplectomorphism group Symp{S,U,ujo), so that a 
neighborhood of C is diffeomorphic to C x Int D^^. In the sequel we assume 
that the neighborhood U in the definition is chosen in that way. As above, 
St = 7r~^(t), it : St C M is the inclusion, uit is the symplectic form induced 
by wo on St,t e S'^^-\ 

Theorem 9.2 Consider a closed smooth manifold M^"^^ and a starlike 
decomposition of M with a symplectic spine {S,uq) and a gluing map 4> ■ 
M — C ^ Symp(S, U,uj). For any cohomology class u € //^(M, M) such that 
itU = [ujt] and an open neighborhood V of C, there exists a presymplectic 
form (jj on M such that: 

1. [u] = u; 

2. outside of a tubular neighborhood W C V of the core C the Reeb vector 
field is transversal to spines; 

3. the core C is a presymplectic submanifold of M. 

Proof. Let us start with the following observation. Consider a manifold 
X with boundary. If r/ is a symplectic or non-degenerate form on X, then one 
can deform rj near the boundary to get a non-degenerate (but perhaps not 
closed) form which is of the form p*r]Q + dtAp*4> on a collar W = dX x [0, 1) 
of the boundary. Here p : W ^ dX is the projection and t/, (p are some 
forms on dX. We will use this to construct a non-degenerate form on M 
and to define a presymplectic form by Theorem 11.31 

Let a tubular neighborhood Wi C C/ of the core diffeomorphic to C x 
Int D"^^ be given. Applying the remark above to the standard symplectic 
form on D^'^ , we get on D^^ a non-degenerate 2-form a equal to the standard 
symplectic form in a neighborhood of and product near the boundary, i.e. 
equal to A A + cZA on (1 — e, 1 + e) x S"^^'^, where A is a standard contact 
structure on Here {1 + e} x S'^'^~^ is the boundary, t G (1 — e, 1 + e]. 
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Thus on C X D we have a presymplectic form Vti = ujq\C x a which has 
required properties near C. 

Let W2 C Wi be a subcohar corresponding to the interval [0, 1) C [0, 1 + 
e). The manifold M' = M — W2 is diffeomorphic to the fibre bundle over 
S'^k-i fibre S' = S — {S H W2) provided by the starlike decomposition. 
Let be a presymplectic form constructed in Theorem [72] on M — W2 such 
that r^s = uJt and equal to the product cjq x dX in Wi — W2. As above, by 
deforming loq near C = dS we can assume that loq is of the form uolC+dtArj, 
for a form r] on C. Since the resulting form is non-degenerate, r] is non-zero 
on the Reeb subbundle in TC. So we have now a non-degenerate form which 
is presymplectic outside a neighborhood of the boundary and product near 
the boundary. 

Now let A C Wi be a subcollar corresponding to the interval [0, 1 — e') C 
[0, 1+e), where e' < e, and B a subcollar corresponding to [0, 1+e'). Consider 
Qi on A and on M — B. We connect these two forms by a form on B — A = 
Cx{a,b)xS'^^-'^ as follows. Define = wo|CxdtA(/i(t)A+(l-/i(t))r/) xdA, 
for appropriately chosen smooth function /i : (a, 6) — t- M vanishing near a 
and equal to 1 near b. Notice that for Reeb fields Ri = ker ijJo\C, R3 = ker dX 
we have A(i?i) = ^/(-Rs) = 0, so that kerQ.2 is of dimension 1 spanned by 
{h — l)R2, + hRi. This implies that ^2 is non-degenerate and we get a smooth 
non-degenerate form on M. Deforming it according to (the relative version 
of) Theorem 11.31 we get required presymplectic structure. □ 

10 Presymplectic surgery 

The classical surgery on smooth manifolds is performed by cutting a prod- 
uct neighborhood x D^~^ of an embedded sphere and gluing D^~^^ x 
gn-k-i a,long the boundary. This operation can be described as deleting 

gk X jjn-k £j.Qj^ j^jn gn ^ gk ^ jjn-k y j;)k+l ^ gn-k-1 g^^^j^g ^j^g 

manifolds obtained in this way along the obvious diffeomorphism of bound- 
aries. In the present context, prominent examples of constructions of that 
type are given by Eliashberg for contact, and by Gompf for symplectic man- 
ifolds. Gompf assumes that two symplectic submanifolds V, V of codimen- 
sion two embedded in respectively M, M', are symplectomorphic and that 
the normal bundles i^, z^' of these submanifolds satisfy ci(i^) -|- ci{u') = 0. 
Then one can perform surgery along tubular neighborhoods of these sub- 
manifolds resulting in a new symplectic manifold. We want to settle a 
presymplectic analog of Gompf's construction. 

Consider two presymplectic submanifolds V C (M, w), V' C {M',uj'). 
We assume that there exists a presymplectic diffeomorphism g : V ^ V and 
an orientation reversing linear mapping G : uV — > vV' of normal bundles 
covering g. Using some auxiliary Riemannian metrics on M, M' we identify 
total spaces of the normal unit disk bundles with neighborhoods A^, N' of V 
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and V'. We can assume that G is an isometry of normal bundles. Let Ns, N'^ 
correspond to (5— disk bundles. Fix < e < ^. G induces a diffeomorphism 
of Ni_s to N[_^ which we also denote by G. Glue M - with M' - 
along boundaries using G. We claim that the resulting manifold, denoted by 
M Ug M' admits a presymplectic structure. 

Theorem 10.1 Under the above assumptions, there exists a presymplectic 
form on M Lig M', equal to the given presymplectic forms in M — NU M' — 
N' cMUg M'. 

Proof. As in Section[3l take a 1-form on M such that rj{R) = 1, where 
i? is a Reeb field of w, and define a symplectic form (j) = p*u + 6{d6 Ar] — 9 drj) 
on M X M. When we restrict (j) to M x {1}, we get a presymplectic form 
Lo + drj homotopic to w, if 5 is small enough. By Theorem [531 there is a 
deformation of m' , supported in N[_^, to a presymplectic form u" equal to 
(G-i)*(w + dr?) in N^. 

Consider the disjoint sum 

Z = M U ([/ X M) U M', 

and identify 

M' D N[_^ {G-\x),l) e [/ X {1} C [/ X M. 

In Afi_£xM consider a hypersurface (M-iVe)U(5A^i_e x [0, 1])U(M'-A^^), 
where on the level 9 = 1 we use the above identification. 

This is a standard exercise that one can smooth out the corners of the 
hypersurface we defined, so we get a smooth hypersurface in a symplec- 
tic manifold, hence a presymplectic form on it. Now a scrutiny of forms 
and identifications shows that we get a presymplectic form satisfying the 
requirements of the theorem. □ 

Classical surgery can be used to simplify manifolds, for instance to con- 
struct a simply connected manifold cobordant to any given oriented one. As 
an application of Theorem IIU.II we will show that one can get a 1-connected 
manifold out of a given presymplectic manifold by presymplectic surgeries 
on a number of circles. 

Proposition 10.2 If each generator of the fundamental group of a presym- 
plectic manifold M can he represented by a closed orbit of the Reeb foliation, 
then presymplectic surgeries on these circles transform M into a simply con- 
nected presymplectic manifold. 

Proof. Take S^^+i = x L»2n y.^^ ^2 ^ g2n-i_ admits a presym- 
plectic form such that x {0} is a closed orbit of the Reeb foliation. Since 
presymplectic manifolds are orientable by definition, thus normal bundles 
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of any embedded circle is trivial. Therefore for each closed orbit of the Reeb 
field one can perform the surgery of M with {M',V') = (S*^""*"^, S"^ x {0}). 
Notice that we perform in fact the classical surgery on a 1-sphere so that 
the homotopy class of the circle is killed. The proposition follows. □ 
In order to be able to apply the last proposition we need a simple lemma. 
Denote the space of linear forms of maximal rank on R'^ by This 
means that r2(M^") is the space of symplectic linear forms and r2(M^""'"-^) 
is the space of presymplectic linear forms. Moreover, let denote 
the component of symplectic forms compatible with the orientation of M^". 
Then the following holds. 

Lemma 10.3 The space is simply connected. 

Proof. There exists a fibration Q+(M2") Q(M2n+i) ^ 52™^ defined 
by 7r{u}) = R, where R is the unit Reeb vector of to compatible with the 
orientation of M^""*"^ and the orientation provided by w on the orthogonal 
complement of the Reeb line. Since Q^{R'^"') is simply connected ( |MSj . Ch. 
2), hence so is □ 

If 5^ M is any embedded circle and x D^" is a tubular neighbor- 
hood of this circle, then by Lemma 110.31 we can assume that on a smaller 
tubular neighborhood x Df'^ our form to is the pullback Tr*uJst (where ujst 
denotes the standard symplectic form on Df^ C M^"). Finally, Theorem ll.3l 
shows that one can always find a presymplectic form which enables to apply 
presymplectic surgery to kill the fundamental group. 

Proposition 10.4 If M is a presymplectic manifold, then for every coho- 
mology class a G //^(M, M), any given homotopy class of non- degenerate 
forms and arbitrary elements 51 , . . . , g„ E vri (M) , there exists a presymplec- 
tic form 00 in the given homotopy class such that [uo] = a and there exists 
embedded circles representing gi, ■ ■ ■ ,gn which are closed orbits of the Reeb 
foliation. □ 

Remark 10.5 By Theorem 13.41 we have also the following result. If we are 
given a presymplectic form on M (under assumptions of Proposition llU.4p 
in a prescribed homotopy class, we can deform it, through presymplectic 
forms, to a form satisfying all the requirements of Proposition 110.4] 
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